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1. INTRODUCTION
The role played by the discrete inequalities in the theory of difference
equations and numerical analysis is well known. During the last few years
there have been a number of papers written on the discrete analogue of
w xthe Gronwall inequality and its nonlinear version due to Bhiari 7, 9, 11, 12 .
In this paper we present several new systems of two discrete linear and
nonlinear inequalities which can be used in the analysis of various prob-
lems in the theory of systems of difference equations. Finally, we give two
examples to convey the importance of our results.
We shall introduce some additional notation which will be used in the
 4 ty1  .discussion. Let R be the set of points 0, 1, 2, . . . . The expression  b sss0
 .  .represents the solution of the linear difference equation D x t s b t for
 .all t g R under the initial condition x 0 s 0, where the operator D is
 .  .  . ty1  .defined by D x t s x t q 1 y x t . Also the expression  C s repre-ss0
 .  .  .sents the solution of the linear difference equation x t q 1 s C t x t for
 . y1  .all t g R under the initial condition x 0 s 1. It is assumed that  b sss0
y1  .s 0 and  C s s 1.ss0
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2. LINEAR INEQUALITIES
THEOREM 1. Let the following system of two linear inequalities
ty1 ty1
u t F a t q P t E s, u s q q t E s, u s 1 .  .  .  .  .  .  . .  . 1 1 1 1 1 2
ss0 ss0
and
ty1 ty1
u t F a t q P t E s, u s q q t E s, u s 2 .  .  .  .  .  .  . .  . 2 2 2 1 2 2
ss0 ss0
 .  .  .  .  .  .be satisfied, where a t , a t , p t , p t , q t , and q t are positi¨ e and1 2 1 2 1 2
nondecreasing functions, t g R, and
t y1 t y1ty1 1 ny1
E t , u s f t f t ??? f t u t , 3 .  .  .  .  .  .  1 1 2 2 n n n
t s0 t s0 t s01 2 n
 .f t are real-¨ alued and nonnegati¨ e functions, 1 F i F n, t g R.i i i
Then
u t F a t q p t f t q q t c t 4 .  .  .  .  .  .  .1 1 1 1 1 1
and
u t F a t q p t f t q q t c t , 5 .  .  .  .  .  .  .2 2 2 1 2 1
where
ty1 ty1
f t s E s, a s q E s, q s c s 1 q E t , p t , .  .  .  .  . .  .  . .  . 1 1 1 1
tssq1ss0
6 .
ty1 ty1
c t s E s, a s q E s, p s c s 1 q E t , q t , .  .  .  .  . .  .  . .  . 1 2 2 2
tssq1ss0
7 .
and
ty1
c t s E s, a s q a s .  .  . . 1 2
ss0
=
ty1
1 q E t , p t q p t q q t q q t . 8 .  .  .  .  . . . 1 2 1 2
tssq1
NOTE 555
 .  .Proof. Inequalities 1 and 2 can be written as
u t F a t q p t R t q q t R t 9 .  .  .  .  .  .  .1 1 1 1 1 2
and
u t F a t q p t R t q q t R t , 10 .  .  .  .  .  .  .2 2 2 1 2 2
where
ty1
R t s E s, u s 11 .  .  . .1 1
ss0
and
ty1
R t s E s, u s . 12 .  .  . .2 2
ss0
 .  .  .  .Since R t and R t are nondecreasing for all t g R, from 9 ] 12 , we1 2
find
D R t F E t , a t q E t , p t R t q E t , q t R t 13 .  .  .  .  .  .  . .  .  .1 1 1 1 1 2
and
D R t F E t , a t q E t , p t R t q E t , q t R t . 14 .  .  .  .  .  .  . .  .  .2 2 2 1 2 2
 .  .From 13 and 14 , we have
R t q 1 q R t q 1 y 1 q E t , p t q p t q q t q q t .  .  .  .  .  . .1 2 1 2 1 2
= R t q R t F E t , a t q a t . .  .  .  . .  .1 2 1 2
ty1 w   .  .Multiplying both sides of this inequality by  1 q E s, P t q p t qss0 1 2
 .  ..xy1q t q q t and summing up from 0 to t y 1, we get1 2
R t q R t F c t . 15 .  .  .  .1 2
 .  .From 13 and 15 , we have
R t q 1 y 1 q E t , p t R t F E t , a t q E t , q t c t . .  .  .  .  .  . .  .  .1 1 1 1 1
ty1 w   ..xy1Again, multiplying both sides of this inequality by  1 q E t, p tss0 1
and summing up from 0 to t y 1, we get
R t F f t . 16 .  .  .1 1
NOTE556
 .  .Also, from 14 and 15 , we get
R t F c t . 17 .  .  .2 1
 .  .  .  .Hence the result follows from 9 , 10 , 16 , and 17 .
THEOREM 2. Let the following system of two linear inequalities
n n
r ru t F a t q P t E t , u t q q t E t , u t 18 .  .  .  .  .  .  . .  . 1 1 1 1 1 1 1 2
rs1 rs1
and
n n
r ru t F a t q P t E t , u t q q t E t , u t 19 .  .  .  .  .  .  . .  . 2 2 2 1 1 2 1 2
rs1 rs1
be satisfied, where
 .  .  .  .  .  .  .i a t , a t , p t , p t , q t , and q t are real-¨ alued, positi¨ e,1 2 1 2 1 2
and nondecreasing, t g R,
 . r . ty1  . t1y1  . t ry 1y1  .  .ii E t, u s  f t  f t ???  f t u t ,1 t s0 r1 1 t s0 r 2 2 t s0 r r r r1 2 2
 .  .iii f t are real-¨ alued and nonnegati¨ e functions, t g R.r j j j
Then
u t F a t q p t f t q q t c t 20 .  .  .  .  .  .  .1 1 1 2 1 2
and
u t F a t q p t f t q q t c t , 21 .  .  .  .  .  .  .2 2 2 2 2 2
where
ty1 ty1
f t s A a s q A q s c s 1 q A p t , .  .  .  .  . .  .  . .  . 2 1 1 1
tssq1ss0
ty1 ty1
c t s A a s q A p s c s 1 q A q t , .  .  .  .  . .  .  . .  . 2 2 2 2
tssq1ss0
n
rA a t s D E t , a t , .  . .  .
rs1
and
ty1
c t s A a s q a s .  .  . . 1 2
ss0
=
ty1
1 q A p t q p t q q t q q t . .  .  .  . . 1 2 1 2
tssq1
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The proof of this theorem is similar to the proof of the previous
theorem.
THEOREM 3. Let the following system of two linear inequalities
n n
r ru t F a t q P t E t , u t q q t E t , u t 22 .  .  .  .  .  .  . .  . 1 1 1 1 1 1 2 2
rs1 rs1
and
n n
r ru t F a t q P t E t , u t q q t E t , u t 23 .  .  .  .  .  .  . .  . 2 2 2 1 1 2 2 2
rs1 rs1
 .  .  .  .  .  . r .be satisfied, where a t , a t , p t , p t , q t , q t , and E t, u are1 2 1 2 1 2 1 1
defined in Theorem 2, and
t y1 t y1ty1 1 ry1
rE t , u s g t g t ??? g t u t , .  .  .  .  .  2 r1 1 r 2 2 r r r
t s0 t s0 t s01 2 r
 .g t are real-¨ alued and nonnegati¨ e functions, t g R, 1 F j F r.r j j j
Then
u t F a t q p t f t q q t c t 24 .  .  .  .  .  .  .1 1 1 3 1 3
and
u t F a t q p t f t q q t c t , 25 .  .  .  .  .  .  .2 2 2 3 2 3
where
ty1 ty1
f t s B a s q B q s c s 1 q B p t , .  .  .  .  . .  .  . .  . 3 1 1 1 1 1 1
tssq1ss0
ty1 ty1
c t s B a s q B p s c s 1 q B q t , .  .  .  .  . .  .  . .  . 3 2 2 2 2 2 2
tssq1ss0
n
rB a t s D E t , a t , .  . .  .1 1
rs1
n
rB b t s D E t , b t , .  . .  .2 2
rs1
NOTE558
ty1
c t s A a s , a s .  .  . . 1 2
ss0
ty1
= 1 q A p t q q t , p t q q t , .  .  .  . . 1 1 2 2
tssq1
and
A a t , b t s B a t q B b t . .  .  .  . .  .  .1 2
The proof is similar to previous proofs.
3. NONLINEAR INEQUALITIES
THEOREM 4. Let the following system of two nonlinear inequalities
ty1 ty1
u t F a t q P t H u s q q t H u s 26 .  .  .  .  .  .  . .  . 1 1 1 1 1 2
ss0 ss0
and
ty1 ty1
u t F a t q P t H u s q q t H u s 27 .  .  .  .  .  .  . .  . 2 2 2 1 2 2
ss0 ss0
 .  .  .  .  .  .be satisfied, where a t , a t , p t , p t , q t , and q t are defined in1 2 1 2 1 2
Theorem 1, H is positi¨ e, nondecreasing, continuous, subadditi¨ e, and sub-
multiplicati¨ e. Then
u t F a t q p t f t q q t c t 28 .  .  .  .  .  .  .1 1 2 4 1 4
and
u t F a t q p t f t q q t c t , 29 .  .  .  .  .  .  .2 2 2 4 2 4
where
ty1
f t s H a s y p s y q s .  .  .  .  .4 1 1 1
ss0
q H p s q H q s H c s , .  .  . 4 . .  . .1 1
ty1
c t s H a s y p s y q s .  .  .  .  .4 2 2 2
ss0
q H p s q H q s H c s , .  .  . 4 . .  . .2 2
ty1
y1c t s G G 2 q A s q B s , .  .  .  . . 5
ss0
A t s H a t y p t y q t q H a t y p t y q t , .  .  .  .  .  .  . .  .1 1 1 2 2 2
B t s H p t q H q t q H p t q H q t , .  .  .  .  . .  .  .  .1 1 1 2
NOTE 559
and
r ds
G r s , 0 - r F r , . H 0s q H s .r0
as long as
ty1
y1G 2 q A s q B s g Dom G . .  .  .  . .
ss0
 .  .Proof. Inequalities 26 and 27 can be written as
u t F a t y p t y q t q p t R t q q t R t 30 .  .  .  .  .  .  .  .  . .1 1 1 1 1 1 1 2
and
u t F a t y p t y q t q p t R t q q t R t , 31 .  .  .  .  .  .  .  .  . .2 2 2 2 2 1 2 2
where
ty1
R t s H u s q 1 .  . .1 1
ss0
and
ty1
R t s H u s q 1. .  . .2 2
ss0
Then we find
D R t F H a t y p t y q t q H p t H R t .  .  .  .  .  . .  .  .1 1 1 1 1 1
q H q t H R t 32 .  .  . .  .1 2
and
D R t F H a t y p t y q t q H p t H R t .  .  .  .  .  . .  .  .2 2 2 2 2 1
q H q t H R t . 33 .  .  . .  .2 2
 .  .  .  .Since R t and R t are nondecreasing and R 0 s 1, R 0 s 1, then,1 2 1 2
from the definition of G, we find
G R t y 1 q R t q 1 y G R t q R t .  .  .  . .  .1 2 1 2
ds .  .R tq1 qR tq12 2sH s q H s . .  .R t qR t1 2
D R t q R t .  . .1 2F
R t q R t q H R t q R t .  .  .  . .1 2 1 2
F A t q B t . .  .
NOTE560
Summing up from 0 to t y 1, we get
R t q R t F c t . 34 .  .  .  .1 2
 .  .From 32 and 34 , we have
D R t F H a t y p t y q t .  .  .  . .1 1 1 1
q H p t q H q t H c t , .  .  . . .  . .1 1
and, summing up from 0 to t y 1, we get
R t F f t . 35 .  .  .1 4
 .  .Also, from 33 and 34 , we get
R t F c t . 36 .  .  .2 4
 .  .  .  .Hence the result follows from 30 , 31 , 35 , and 36 .
THEOREM 5. Let the following system of two nonlinear inequalities
n n
r ru t F a t q p t E t , H u t q q t E t , H u t .  .  .  .  .  . .  . .  . 1 1 1 1 1 1 2 2
rs1 rs1
37 .
and
n n
r ru t F a t q p t E t , H u t q q t E t , H u t .  .  .  .  .  . .  . .  . 2 2 2 1 1 2 2 2
rs1 rs1
38 .
 .  .  .  .  .  . r . r .be satisfied, where a t , a t , p t , p t , q t , q t , E t, u , and E t, u1 2 1 2 1 2 1 2
  ..are defined in Theorem 3, and H u t is defined in Theorem 4.
Then
u t F a t q p t f t q q t c t 39 .  .  .  .  .  .  .1 1 1 5 1 5
and
u t F a t q p t f t q q t c t , 40 .  .  .  .  .  .  .2 2 2 5 2 5
NOTE 561
where
ty1
f t s B a t y p t y q t .  .  .  .  .5 1 1 1 1
ss0
q B p t q B q t H c s , .  .  . 4 . .  . .1 1 1 1
ty1
c t s B a t y p t y q t .  .  .  .  .5 2 2 2 2
ss0
q B p t q B q t H c s , .  .  . 4 . .  . .2 2 2 2
n
rB b t s D E t , H b t , .  . .  . .1 1
rs1
n
rB b t s D E t , H b t , .  . .  . .2 2
rs1
ty1
y1c t s G G 2 q A s , .  .  . 1 5
ss0
A t s A a y p y q , a y p y q q A P , p q A q , q , .  .  .  .1 1 1 1 2 2 2 1 2 1 2
A a, b s B a q B b , .  .  .1 2
and
r ds
G r s , 0 - r F r , . H 0s q H s .r0
as long as
ty1
y1G 2 q A s g Dom G . .  .  . 1
ss0
The proof of this theorem is similar to the proof of the previous
theorem.
THEOREM 6. Let the following system of two inequalities
ty1 ty1
u t F a t q p t e s u s q p t e s u s .  .  .  .  .  .  .  . 1 1 1 1 1 2 2 2
ss0 ss0
ty1 ty1
q p t e s H u s q p t e s H u s 41 .  .  .  .  .  .  . .  . 3 3 1 4 4 2
ss0 ss0
NOTE562
and
ty1 ty1
u t F a t q q t h s u s q q t h s u s .  .  .  .  .  .  .  . 2 2 1 1 1 2 2 2
ss0 ss0
ty1 ty1
q q t h s H u s q q t h s H u s 42 .  .  .  .  .  .  . .  . 3 3 1 4 4 2
ss0 ss0
be satisfied, where all gi¨ en functions are real-¨ alued, positi¨ e, nondecreasing,
and continuous functions, H is defined in Theorem 4, and
a G p q p q p q p1 1 2 3 4
and
a G q q q q q q q for all t g R .2 1 2 3 4
Then
ty1 ty1
u t F a t q p t e s a s c s q p t e s a s c s .  .  .  .  .  .  .  .  .  . 1 1 1 1 1 6 2 2 2 7
ss0 ss0
ty1 ty1
q p t e s f s q p t e s f s 43 .  .  .  .  .  .  . 3 3 6 4 4 7
ss0 ss0
and
ty1 ty1
u t F a t q q t h s a s c s q q t h s a s c s .  .  .  .  .  .  .  .  .  . 2 2 1 1 1 6 2 2 2 7
ss0 ss0
ty1 ty1
q q t h s f s q q t h s f s , 44 .  .  .  .  .  .  . 3 3 6 4 4 7
ss0 ss0
where
f t s H a y p y p y p y p .  .6 1 1 2 3 4
q H p q H p q H p q H p H c , .  .  .  .  . .1 2 3 4 6
f t s H a y q y q y q y q .  .7 2 1 2 3 4
q H q q H q q H q q H q H c , .  .  .  .  . .1 2 3 4 7
ty1
c t s 4 q A s q B s c s q c s H c s , .  .  .  .  .  . .6 1 1 1
ss0
NOTE 563
ty1
c t s 4 q A s q B s q c s H c s , .  .  .  .  . .7 2 2 2
ss0
ty1
y1c t s G G 8 q A s q B s q c s , .  .  .  .  . . 5
ss0
A t s e a y P q e a y Q q e H a y P q e H a y Q , .  .  .  .  .1 1 1 2 2 3 1 4 2
B t s e P q e Q, .1 1 2
C t s e H p q H p q H p q H p .  .  .  .  . .1 3 1 2 3 4
q e H q q H q q H q q H q , .  .  .  . .4 1 2 3 4
A t s h a y P q h a y Q q h H a y P q h H a y Q , .  .  .  .  .2 1 1 2 2 3 1 4 2
B t s h P q h Q, .2 1 2
C t s h H p q H p q H p .  .  .  . .2 3 1 2 4
q h H q q H q q H q q H q , .  .  .  . .4 1 2 3 4
A t s A t q A t , .  .  .1 2
B t s B t q B t , .  .  .1 2
C t s C t q C t , .  .  .1 2
P s p q p q p q p , Q s q q q q q q q ,1 2 3 4 1 2 3 4
and
r ds
G r s , 0 - r F r , . H 0s q H s .r0
as long as
ty1
y1G 8 q A s q B s q C s g Dom G . .  .  .  .  . .
ss0
The proof is similar to previous proofs.
4. SOME APPLICATIONS
There are many possible applications of the inequalities established in
this paper, but those presented here are sufficient to convey the impor-
tance of our results.
NOTE564
EXAMPLE 1. We consider the following sum]difference system of Vol-
terra type:
ty1
u t s C q F t , s, u s , u s q K u s q u s .  .  .  .  . .  .1 1 1 1 2 1 1 2
ss0
and
ty1
u t s C q F t , s, u s , u s q K u s q u s , .  .  .  .  . .  .2 2 2 1 2 2 1 2
ss0
where C G 4, C G 4, and the functions F , F , K , and K satisfy1 2 1 2 1 2
F t , s, u , u F e s u s q e s u s , .  .  .  .  .1 1 2 1 1 2 2
F t , s, u , u F h s u s q h s u s , .  .  .  .  .2 1 2 1 1 2 2
K u , u F e s H u q e s H u , .  .  . .  .1 1 2 3 1 4 2
K u , u F h s H u q h s H u , t g R . .  .  . .  .2 1 2 3 1 4 2
Hence we get
ty1 ty1
u t F C q e s u s q e s u s .  .  .  .  . 1 1 1 1 2 2
ss0 ss0
ty1 ty1
q e s H u s q e s H u s , .  .  .  . .  . 3 1 4 2
ss0 ss0
ty1 ty1
u t F C q h s u s q h s u s .  .  .  .  . 2 2 1 1 2 2
ss0 ss0
ty1 ty1
q h s H u s q h s H u s . .  .  .  . .  . 3 1 4 2
ss0 ss0
 .  .The above two inequalities are exactly of the same form as 41 and 42
considered in Theorem 6, where p s p s p s p s q s q s q s q1 2 3 4 1 2 3 4
<  . < <  . <s 1. Thus it is possible to find the estimates for u t and u t in terms1 2
of known functions.
EXAMPLE 2. Consider the following system:
ty1
u t s c t q k u s , u s .  .  .  . .1 3 1 1 2
ss0
and
ty1
u t s c t q k u s , u s , .  .  .  . .2 4 1 1 2
ss0
NOTE 565
where
K u , u F H u q H u . .  .  .1 1 2 1 2
Hence we get
ty1 ty1
u t F c t q H u s q H u s .  .  .  . .  . 1 3 1 2
ss0 ss0
and
ty1 ty1
u t F c t q H u s q H u s . .  .  .  . .  . 2 4 1 2
ss0 ss0
 .  .The above two inequalities are exactly of the same form as 26 and 27 in
Theorem 4, where a s c , a s c , and p s p s q s q s 1. From1 3 2 4 1 2 1 2
Theorem 4, we get
A t s H C t y 2 s H C t y 2 , .  .  . .  .3 4
B t s 4H 1 s constant, .  .
ty1
y1c t s G G 2 q 4H 1 q H C s y 2 q H C s y 2 , .  .  .  .  . .  . . 3 4 5
ss0
ty1
u t F C t q H C s y 2 q 4H 1 c s q H C s y 2 , 4 .  .  .  .  .  . .  .1 3 3 4
ss0
ty1
u t F C t q H C s y 2 q 4H 1 c s q H C s y 2 , 4 .  .  .  .  .  . .  .2 4 3 4
ss0
and
r ds
G t s , 0 - r F r . . H 0s q H s .r0
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